In this paper, an exact closed-form solution for the Eshelby problem of a polygonal inclusion with a graded eigenstrain in an anisotropic piezoelectric full plane is presented. For this electromechanical coupling problem, by virtue of Green's function solutions, the induced elastic and piezoelectric fields are first expressed in terms of line integrals on the boundary of the inclusion. Using the line-source Green's function, the line integral is then carried out analytically for the linear eigenstrain case, with the final expression involving only elementary functions. Finally, the solution is applied to the semiconductor quantum wire (QWR) of square, triangle, circle and ellipse shapes within the GaAs (0 0 1) substrate. It is demonstrated that there exists significant difference between the induced field by the uniform eigenstrain and that by the linear eigenstrain. Since the misfit eigenstrain in most QWR structures is actually nonuniform, the present solution should be particularly appealing to nanoscale QWR structure analysis where strain and electric fields are coupled and are affected by the non-uniform misfit strain.
Introduction
Eshelby problem (Eshelby, 1957 (Eshelby, , 1961 is the subject of constant studies (Mura, 1987) and has numerous applications in heterogeneous materials (composites, polycrystalline materials etc.) . Some recent studies include the effective elastoplastic behavior of composites (Ju and Sun, 2001 ) and dynamic Eshelby tensor in ellipsoidal inclusions (Michelitsch et al., 2003) . While most Eshelby problems associated with isotropic elasticity can be solved analytically for both 2D-and 3D-deformations (Kouris and Mura, 1989; Rodin, 1996; Gao and Ma, 2010) , the corresponding problems in anisotropic elasticity usually require numerical solution (Dong et al., 2003) , except perhaps for the transversely isotropic elasticity case, for which an analytical solution can be obtained (Yu et al., 1994) .
Inclusion of an arbitrary shape is particularly useful in the study of strained semiconductor quantum devices (Freund and Gosling, 1995; Davies, 1998; Andreev et al., 1999) . It should be also noted that most semiconductor materials are piezoelectric, with some of them being strongly electromechanically coupled (Pan, 2002a,b) . Under the assumption of isotropic elasticity with uniform eigenstrain, analytical solutions can be obtained for the inclusion with a polygonal shape (Rodin, 1996; Nozaki and Taya, 1997; Glas, 2002a,b) . Ru (1999 Ru ( , 2000 extended the isotropic elasticity to the corresponding anisotropic elasticity and piezoelectricity by using the special conformal mapping method. While the conformal mapping method is elegant and convenient for the inclusion with smooth boundary, it could be inefficient for the general polygonal shape since the conformal mapping function may involve infinite terms. An alternative to the conformal mapping method is the Green's function method (Pan, 2004; Sun et al., 2012) , which is particularly suited for polygonal shape. Zou et al. (2010) recently proposed a unified approach where both smooth and non-smooth curves can be considered. Also, to handle material anisotropy and arbitrary shape of inclusion, the perturbation method can be applied (Wang and Chu, 2006; Chu et al., 2011) . On the other hand, some research work has been done for spherical and circular inclusions in a finite domain (Li et al., 2005 (Li et al., , 2007 . So the problem of polygonal inclusion in a finite anisotropic piezoelectric domain should be a challenging work.
An inclusion under non-uniform eigenstrain is very common, particularly in the strained QWR due to the misfit lattice. For a non-uniform eigenstrain problem, Eshelby (1961) showed that if the eigenstrain inside an ellipsoidal inclusion is in the form of a polynomial in Cartesian coordinates, then the induced strain field in the inclusion is also characterized by a polynomial of the same order. Only a few Eshelby inclusion problems have been solved for the non-uniform eigenstrain case so far. This includes the inclusion problem for ellipsoids with non-uniform dilatational Gaussian and exponential eigenstrains (Sharma and Sharma, 2003) ; the isotropic ellipsoidal inclusion with polynomial eigenstrains (Rahman, 2002) ; and recently, elliptic inhomogeneity problem due to linear and polynomial distributions of eigenstrain (Nie et al., 2007; Guo et al., 2011) . However, the corresponding arbitrarily shaped inclusion with non-uniform eigenstrain problem remains to be solved.
Thus, in this paper, we present an exact closed-form solution for an arbitrarily shaped polygonal inclusion in anisotropic piezoelectric full-planes where the inclusion is under a linear eigenstrain field. We first express the induced elastic and piezoelectric fields in terms of a line integral on the boundary of the inclusion, with the integrand being the multiplication of the line-source Green's function and the equivalent body force of the piezoelectric solid. The line integral is then carried out analytically on each side of the polygon, with the final results involving only elementary functions. As numerical examples, our solution is applied to the inclusion of square, triangle, circle and ellipse shapes under linear eigenstrains within the GaAs (0 0 1) substrate. Our numerical results not only can be used as benchmarks, but also clearly show the effect of linear eigenstrain on the induced field distribution, as compared to the uniform eigenstrain case. This paper is organized as follows: In Section 2, we derive the exact-closed form solution for a general polygon under linear eigenstrain in x and z. In Section 3, we apply our solution to a couple of inclusion problems with linear eigenstrains and discuss certain features associated with the induced fields. Conclusions are drawn in Section 4.
Proposed method and solution
Let us assume that there is an extended general eigenstrain c Ã Ij (i.e., the eigenstrain c Ã ij and the eigen-electric field E Ã j ) within the QWR domain V bounded by its surface oV (Fig. 1) , with V being embedded in an infinite substrate. The extended eigenstrain is further assumed to be a linear function of the coordinates (x, z). Our task is to find the eigenstrain-induced field within the QWR and its surrounding substrate.
For a general eigenstrain c Ã Ij at x = (x, z) within domain V, the induced extended displacement at X = (X, Z) can be found via the method of superposition. In other words, the response is an integral, over V, of the equivalent body force in the square bracket below, multiplied by the line-source Green's function (Pan, 2004) , i.e.,
where u K J ðx; XÞ is the Jth Green's elastic displacement/electric potential at x due to a line-force/line-charge in the K-th direction applied at X.
Integrating by parts and noticing that the eigenstrain is nonzero only in V, Eq. (1) can be written alternatively as
We assume that within the QWR domain V, the eigenstrain can be expressed as a linear function of the coordinates (x,z):
Thus, Eq. (2) becomes
where the superscripts 0, x, z denote the terms corresponding, respectively, to the eigenstrains which are uniform, linear in x, and linear in z. We now discuss these terms one by one below.
(1) The first integration is associated with a uniform eigenstrain field that was well studied. For example, based on Pan (2004) , this area integral can be easily transformed to the following boundary integration
where n i (x) is the outward normal on the boundary oV of the QWR.
(2) The second integration is associated with a linear eigenstrain field in x, which is expressed as In summary, the induced extended displacement by the linear eigenstrain (3) in the QWR domain V is the summation of the following three boundary integrals on the surface of the QWR: Therefore, besides the analytical integration derived before for the uniform or constant eigenstrain case (Pan, 2004) , the following four analytical integrations are required:
To carry out these integrals, we assume as before that the boundary of the QWR domain is composed of piecewise straight line segments. We define an arbitrary line segment in the (x, z)-plane starting from point 1 (x 1 , z 1 ) and ending at point 2 (x 2 , z 2 ), in terms of the parameter t (0 6 t 6 1), as
Then, the outward normal component n i (x) along the line segment is constant, given by
is the length of the line segment. Using the exact closed-form expression for the Green's function in the anisotropic piezoelectric full plane, the integration along the line segment for I x can be easily carried out as:
where the Stroh matrix A JR is related to the material property of the substrate (or matrix). Its detailed expression can be found in Pan (2004) . Also in Eq. (20), summation from 1 to 4 is implied for the dummy index R.
Function h x R ðX; ZÞ and its derivatives (required for the extended strain calculation) are given below:
with p R (R = 1, 2, 3, 4) being the Stroh eigenvalues of the anisotropic piezoelectric material (Pan, 2004) . Similarly for I z , its integration on each line segment in the anisotropic piezoelectric full plane can be expressed as Table 1 Induced stress component r xx (GPa) in both the circular inclusion and matrix of GaAs (0 0 1). The circular inclusion has a radius r = 10 nm and the eigenstrain inside is linear in xdirection, i.e., c
The circle is approximated by the N-sided polygon (N = 10, 20, 40, 60, 80, and 100) . Table 2 Induced electric displacement component D x (10 À3 C/m 2 ) in both the circular inclusion and matrix of GaAs (0 0 1). The circular inclusion has a radius r = 10nm and the eigenstrain inside is linear in x-direction, i.e., c
The circle is approximated by the N-sided polygon (N = 10, 20, 40, 60, 80, and 100). 
and its derivatives are
We now derive the analytical expressions of J x and J z along a straight line segment. First, we need the integration of the fullplane Green's function. Recalling the following expression for the full-plane Green's function (Pan, 2004) 
and integrating it with respect to x, we have
where
Similarly, we have
Thus, integration of Eqs. (29) and (31) where
and its derivatives are 
Similarly we also have 
The stresses and electric displacements are obtained from strains and electric fields via the coupled constitutive relation (Pan, 2004) .
In summary, therefore, we have derived the exact closed-form solutions for the elastic and piezoelectric fields induced by an arbitrary polygonal inclusion with linear eigenstrains. Since our result is in an exact-closed form, solutions to multiple inclusions can be simply derived by superposing the contributions from all inclu- sions. This is particularly useful in the analysis of QWR-array induced elastic and piezoelectric fields (Glas, 2002a,b) .
We remark that the solutions presented in this paper are for the general anisotropic and piezoelectric 2D linear eigenstrain problem. It is worth emphasizing that our results include the general anisotropic elastic case and the uniform eigenstrain case in general anisotropic piezoelectric 2D domain (Pan, 2004) as the special cases.
To test the accuracy of our solutions, we assume that the piezoelectric full plane is made of GaAs (0 0 1), with an inclusion of circular QWR of radius r = 10 nm. We further assume that within the circle, there is a linear eigenstrain distribution c Tables 1 and 2 for the polygon with different side N. Notice that points X = Z = 1 nm to 7 nm are inside the circular QWR, whilst X = Z = 8 nm to 16 nm are points in the substrate (or matrix).
From Tables 1 and 2 , it is obvious that for any fixed point, the induced field quantities within the circular inclusion and in the matrix both converge with increasing N. It is further noticed that these field quantities converge faster at points near the center than those far from the center. Especially for points close to the interface between the inclusion and matrix, the convergence becomes slow. For instance, the point X = Z = 7 nm experiences the slowest convergence rate among other points because it is the closest point to the boundary of the circle (X = Z = 7.07 nm). We have also checked the stresses and electric displacements both in the inclusion and matrix induced by different linear eigenstrain distribution and found that they all converge when N is large.
Numerical examples
We now apply the exact closed-form solutions to the QWR made of different shapes. We first consider a square QWR (20 nm Â 20 nm) in piezoelectric GaAs (0 0 1) with three different eigenstrain distributions: Case #1 with a linear eigenstrain in x (c Fig. 2a and b are, respectively, the contours of the stresses r xx and r zz , and in Fig. 2c and d , respectively, the contours of the stress r xz and electric displacement D z , due to a hydrostatic linear eigenstrain in x (Case #1). The location of the square is also shown by dashed lines. Some interesting features can be observed from these figures: (1) The distributions of the induced stress and electric displacement field clearly show certain symmetry with respect to the x-and z-axes. This is due to the fact that the inclusion is square shape and the material is cubic. (2) The induced stresses r xx and r zz show clearly the linear variation in x within the square QWR, with their maximum magnitudes being at x = ±10 nm, i.e., at the left and right sides of the square. (3) The features of stress r xz and electric displacement D z (Fig. 2c and   d ) are exactly the same except for their magnitudes. This is further related to the cubic property of the material and the square shape of the inclusion. Four concentrations can be observed at the four corners of the square for r xz and D z . (4) Different to the uniform eigenstrain case, the induced field quantities by the linear eigenstrain are mostly continuous across the boundary of the inclusion. This is particularly true for the extended tractions where they remain continuously across the inclusion boundary. This actually partially verifies the accuracy of our analytical solutions to a certain extent. Fig. 3a-d to Fig. 2a-d under a hydrostatic linear eigenstrain in x, it is observed that the induced field depends strongly on the shape of the inclusion (square vs. triangle) and that there is an apparent concentration at the left corner of the triangular inclusion ( Fig. 3a and b) . Comparing Fig. 3a-d to Fig. 4a-d for the same triangular inclusion but under different linear eigenstrain (linear in x vs. linear in z), it is seen that for the hydrostatic linear eigenstrain in z, there is an obvious non-uniform gradient inside the triangle for the shear stress and electric displacement ( Fig. 4c and d ) since contours are curved there.
Then we would like to study the stress and electric displacement distributions under a linear eigen-electric field. We calculate the square and triangle model as above, with the linear eigen-electric field ÀE ( Fig. 6a-d) . After analyzing on results, we find that only when the direction of the linear distribution of eigenstrain or eigen-electric field is vertical to the symmetric axis of the polygon, the results satisfy the symmetry. For instance, if we give eigenstrain or eigen-electric field along z-direction for triangle model, the results satisfy some kind of symmetry ( Fig. 4a and b) . Furthermore, we find that in our results, the normal stresses r xx and r zz vanish in both square and triangle cases.
For a special circumstance where the average eigenstrain is zero in the QWR, we would like to see the mean of the induced strain field (or stress field), which is defined as
Then we also consider this case for both square and triangle model. After calculation, we find that for square model, no matter the linear eigenstrain is along x or z-direction, which means the average eigenstrain in the QWR is zero, the mean of the induced stress field is zero for both the interior and exterior field. This can be visually observed in Fig. 2a-d . However, for triangle model, to ensure the average eigenstrain is zero, we can only assume the linear eigenstrain is along z-direction for our model. Then we also calculate the mean of the induced stress field. We find r xx and r zz are zero, but r xz is not zero. These results can also be observed in To further investigate the features of the linear eigenstrain induced fields, we plot their variations along different directions. We first consider the non-polygonal inclusion case. A circular (r = 10 nm) and an elliptical (semi-major and semi-minor axes are 20nm and 10nm) inclusion in GaAs (0 0 1) substrate. For these two cases, we approximate the smooth boundary by the N-sided polygon with N = 100. We are interested in the variation of the induced stress and electric displacement along the x-axis, z-axis and 45-degree to the x-direction (x = z) due to linear eigenstrain in x or z, and simultaneously in both x and z. Shown in Fig. 7a-f are the results for the circular inclusion and in Fig. 8a-f those for the elliptical inclusion. There are three curves in each figure, and the field variation includes points both inside and outside the QWR.
It is observed from Fig. 7a-d that, for linear eigenstrain in x, the variation of stress r xx along x-axis and the diagonal line x = z is a linear function of x, whilst the variation of electric displacement D z along z-axis and z = x is a linear function of z. It is further seen from these figures that the traction and the normal electric displacement are continuous cross the interface between the QWR and substrate either along the x-axis or z-axis. We remark that along x-axis, the interface is at x = 10 nm, and along the diagonal line x = z, the interface is at x = z = 7.07 nm. The variation of the stress and electric dis- placement along x-axis, z-axis, and 45 degree to x-axis due to the combined linear eigenstrain in x and z can be obtained by the method of superposition, which is shown in Fig. 7e-f . It is further noticed from Fig. 7a -f that along x-axis or z-axis, the induced stress or electric displacement could be identically zero due to the symmetry of the material property and the circular QWR shape, and that the maximum values of the nonzero components are on the interface. Fig. 8a-f show the corresponding variations of the stress and electric displacement along the three directions (x-axis, z-axis, and line x = z) due to an elliptical QWR under linear eigenstrains. It is pointed out that the interface along x = z is at x = z = 8.9 nm. While the variation of these fields is similar to that in Fig. 7a-f , we notice that, along certain direction, the maximum D z could be located outside the QWR. For instance for the electric displacement along x = z, the maximum is reached in the substrate slightly outside the QWR. In summary, for the circular and elliptical inclusion with linear eigenstrain in x and z, our results show that the stress and electric displacement inside the inclusion is linear function of x and z. However, should the inclusion is in other shape, such linear-dependent feature disappear. This is illustrated in Figs. 9 and 10, respectively, for the square and triangular inclusion case. The square and triangle are oriented, respectively, the same way as in Figs. 2 and 3 . First, it is noted from Fig. 9a-f that under linear eigenstrain in either x or z, the stress and electric displacement is no longer linear along the diagonal direction x = z. For the triangular case, all the lines inside the inclusion become nonlinear, except for r xx along z-axis due to the linear eigenstrain in z as shown in Fig. 10c . It is further noticed that due to the geometric shape of the triangle, the x-and/or z-axis is no longer the line of symmetry. In other words, along these axes, the field quantities may not be zero any more (Fig. 10a, d , e and f). These phenomena are new and should be important for us to understand the properties for inclusion problems with graded eigenstrain. i.e., an arbitrarily shaped polygon. The solution is then applied to a square, a triangle, a circle and an ellipse QWR within the GaAs (0 0 1) substrate, with results clearly showing the importance of linear eigenstrain, as compared to the uniform eigenstrain case. Our numerical results can also be served as benchmarks and could be useful to the analysis of strained QWR structures with arbitrarily shaped cross-section and with general anisotropic piezoelectricity. 20113108110005). The authors are very grateful to both reviewers for their valuable comments and constructive suggestions. 
